Prof. Krstic

Nonlinear Systems

MAE281A

Homework set 1
Linearization & phase portrait

1. For each of the following systems, find all equilibrium points and determine the type of

each isolated equilibrium. Use Matlab to compute the eigenvalues.

1)
(3)

L2
1
—x + 6%{ — T

—z1 + x2(1 + x1)

*CE1(1 + SU1)

(2)

(4)

. The phase portrait of the following four systems are

jl'l = —X1+ X9

Ty = 0.1r; — 219 — x% — 0.1x‘f
: _ 3

T, = —T]+ X2

[jZ’Q = T — fE;

shown in Figure 1: parts (a), (b),

(c), and (d), respectively. Mark the arrowheads and discuss the qualitative behavior of

each system.
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x1 — x9(1 — 22 + 0.127)
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(2) Ll = T2

By = x1+ 2o — 3tan(zy + x9)
(4) i‘l = X2

Ty = —Xy— ¢($1 - $2)

Where ¢ (y) = 3* + 0.5y if |y| <1 and ¢(y) = 2y — 0.5 if |y| > 1.
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Figure 1: Exercise 2
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Homework set 2
Gronwall’s inequality & comparison principle

1. Let y(¢) be a nonnegative scalar function that satisfies the inequality
t
y(t) < ke o=t 4 / ) [hyy (7) + ko] dr (1)
to
where ki, ko, and k3 are nonnegative constants and « is a positive constant that satisfies
a > ko. Using the Gronwall-Bellman inequality, show that

ks

1) < kqe—(a—k2)(t—to)
y(t) < ke R—

[1 _ e*(a*kz)(t*to)} (2)

Hint: Take z(t) = y(t)e**~%) and find the inequality satisfied by z. This exercise shows
how to apply Gronwall lemma to the case: y(t) < A(¢) + p(t) [ p(7)y(r)dr.

2. Using the comparison principle, show that if v, [;, and [y are functions that satisfy

v < —cv+ Lty + (), v(0)>0 (3)
and if ¢ > 0, then
v(t) < (V(0)e™ + [liafl1) ", (4)
where || - || denotes the Ly norm defined as

I = [ Isae )
Using Gronwall’s lemma show that
v(t) < (V(0)e™ + [liaflt) (1 + [[talre™ ). (6)
Which of the two bounds is less conservative?

3. Consider the system:

& = —cx+y*"wcos’(v) (7)
o= -y (8)
Using either Gronwall’s inequality or the comparison principle, show that

a) x(t) is bounded for all t > 0 whenever ¢ =0 and m > 1.

b) z(t) — 0 as t — oo whenever ¢ > 0 and m = 1.



4. Consider the system

&t = —x+ywsin(z)
Yy = —y-+zysin(y)
z = —=z

Using Gronwall’s lemma (twice), show that

()] < [aolell e,

vt > 0.

(12)
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Homework set 3
Sensitivity equations

1. Derive the sensitivity equations for the system

i = tan '(awi) — 2129 (1)

By = br?—cxy (2)
as the parameters a, b, and ¢ vary from their nominal values ay = 1,0y = 0, and ¢y = 1.
2. Calculate exactly (in closed form) the sensitivity function at A\g = 1 for the system
& o= At (3)

What is the approximation x(t, \) ~ x(t, \g) + S(¢t)(A — N\g) for A = 7/27
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Homework set 4
Lyapunov stability - autonomous systems

1. Prove global stability of the origin of the system

.@1 = T2 (1)
. T
2 1+ a2 (2)

2. Prove global asymptotatic stability of the origin of the system

LI‘?Q = I1 — Ta. (4)
3. Prove global asymptotatic stability of the origin of the system

o1 = my— (207 + 23)1y (5)

iy = —xy —2(207 + 23)1s. (6)
Is the origin locally exponentially stable and why or why not?

4. Consider the system

T = —T1+ T2 (7)
) x? )
To = — .

? 1+ 22

Show that the equilibrium x; = x5 = 0 is globally stable and that

lim z1(t) =0 (9)

t—o00

Hint: Seek a Lyapunov function in the form
V(xy,22) = ¢a1) + a3, (10)

where the function ¢(-) is to be found. Make sure that your Lyapunov function V(-,-) is

positive definite and radially unbounded.
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Homework set 5
Chetaev’s theorem

1. With Chetaev’s theorem, show that the equilibrium at the origin of the following three

systems is unstable:

a)

o= 2+ (1)
y = —y+a’ (2)

b)
£ = n+&+3¢ (3)
o= =&+ + 3 (4)

c)
i o= |zlz+ay/lyl (5)

g o= —y+lz[v]yl. (6)



Prof. Krstic Nonlinear Systems
Homework set 6
LaSalle’s theorem

MAE281A

1. Using the Lyapunov function candidate
1 1

1
V:—4 =2 -4
4:1: —|—2y +4z

study stability of the origin of the system

T o=y
j o= —at -y -2
z = —z+4y
2. Consider the system
Tt = —x+yx+ zcos(z)
j = -
Z = —xcos(z)

a) Determine all the equilibria of the system.

b) Show that the equilibrium z = y = 2z = 0 is globally stable.

)
)
¢) Show that z(t) — 0 as t — oo.
d) Show that z(t) — 0 as t — oo.

3. Which of the state variables of the following system are guaranteed to converge to zero

from any initial condition?

.jfl = X9+ X173
iQ = —X1 — T9+ Tox3
i3 = —af — 3.
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Nonlinear Systems
Homework set 7
Perturbation theory

MAE281A

1. Consider the system

.jl’lzl'g

Ty = —T1— X9+ ea:i’.

a) Find an O(e) approximation.

b) Find an O(e?) approximation.

c¢) Investigate the validity of the approximation on the infinite interval.

2. Repeat exercise 1 for the system

T

T

= —zi+aa(l+ 1) +e(l+29)

= —fL‘l(Il + ].)
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Homework set 8
Averaging theory

1. Using averaging theory, analyze the following system:

i = €[ —x+1—2(y+sin(t))’] (1)
i = e @)
z = e[ — z —sin(t) [%x + (y+ sin(t))2]] : (3)

2. Analyze the following system using the method of averaging for large w:

iy = (zasin(wt) —2)z — 33 (4)
iy = —xp+ (23 sin(wt) — 2x;3 cos(wt)) cos(wt) (5)
T3 = 2z —sin(xg) + (4:52 sin(wt) + :1:3) sin(wt) (6)

3. Consider the second-order system

iy = sin(wt)y (7)
Ty = cos(wt)ys (8)
yi = [a1 +sin(wt)] [2s + cos(wt) — z1 — sin(wt)] 9)
Yo = |22+ cos(wt)][z1 + sin(wt) — x5 — cos(wt)]. (10)

Show that for sufficiently large w there exists an exponentially stable periodic orbit in an
O(1/w) neighborhood of the origin z; = x5 = 0.
Hint: the following functions have a zero mean over the interval [0, 27] : sin(7), cos(7),

sin(7) cos(7), sin’(7), cos®(7), sin?(7) cos(7), and sin(7) cos?(7).

4. Consider Rayleigh’s equation

k= a1 — o) (1)

where m, k, A\, and « are positive constants.

a) Using the dimensionless variables y = 2 7 = £ and € = £, where (u*)?ak = 2,
t* = /7, and A* = v/ km, show that the equation can be normalized to
. 1.,
j+y=e€y—zv°) (12)

3

where ¢ denotes the derivative of y with respect to 7.

b) Apply the averaging method to show that the normalized Rayleigh equation has a
stable limit cycle. Estimate the location of the limit cycle in the plane (y, 7).
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Homework set 9
Singular perturbation

1. Using singular perturbation theory, study local exponential stability of the origin of the

system
o=y (1)
y = -z (2)
€2 = —z+sin(z)+y. (3)

Is the origin globally exponentially stable?

2. Consider the following control system:

T = Aul’ + Ang + Blu (4)

€z = Agl.fE—f—AQQZ. (5)

Assume that the matrix A,y is Hurwitz and that there exists a matrix/vector K (of

appropriate dimensions) such that
A — A1p Ay Asy + BIK (6)
is also Hurwitz. Prove that the ”partial-state” feedback law
u= Kz (7)
exponentially stabilizes the equilibrium (z, z) = (0, 0) for sufficiently small e.
3. Find the exact slow manifold of the singularly perturbed system
& = z2? (8)
€2 = —z—aP4 gexw/‘o’. (9)
Hint: try substitute the quasi-steady state into the (exact) manifold condition.

4. How many slow manifolds does the following system have? Which of these manifolds will

attract trajectories of the system?

T = —xz (10)

€2 = —(z—sin?(2))(z — ™) (2 — 2e%7), a > 0. (11)
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Homework set 10
Input-to-state stability

MAE281A

. Show that the following system is ISS and determine its gain function:

& = —2+ 2u.

. Show that the following system is ISS and determine its gain function:

T o= —x4ul
. Show that the following system is ISS and guess its gain function:

i = -2 +ay

j o= —y+u’
. Consider the system

P = —x+y°
L 2

] = —y— ———+2
J Ve e

z = —zZ+u.

Show that this system is ISS using the Lyapunov function

1 1
V:\/1+x2—1+1y4+§z8.

. Show that the following system is ISS

1/3y+p2

T = —x+uw
g o= —y—al4p

p = —p+tu.



Prof. Krstic Nonlinear Systems MAE281A
Homework set 11
Center manifold theorem

1. For each of the following systems, investigate the stability of the origin using the center

manifold theorem.

a)

i o= —1j (1)
By = —Xo 42+ 2179 (2)
b)
i = ari — 3, a#0 (3)
Ty = —x9+ 22+ 2179 (4)
2. Consider the system

T = 13y + axt 4 brw (5)

By = —x9+ca]+ driy, (6)

Investigate the stability of the origin using the center manifold theorem for each of the

following cases

)a+c>0

) a+c<0

)
)

iii) @ +c= 0 and ed + bc®> < 0
)

iv) a4+c=0and cd + bc? > 0

3. Using the center manifold theorem, determine whether the origin of the following system

is asymptotically stable:

jfl = —XT9 -+ 13 (7)
jZ’Q = x1+ ToX3 (8)
oy = —wxz— (af +3) + a3, (9)

4. Using the center manifold theorem, determine whether the origin of the following system
is asymptotically stable:

g o= yz+2y’ (10)

i o= —z— 2% — 4yt — 2%z, (11)
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Homework set 12
Describing function

1. For each of odd nonlinearity ¢ (y) on the following list, verify the given expression of the
describing function ¥(a).
i) ¥(y) =y’ ¥(a) = 5a"/8
i) ¥(y) = y’lyl; ¥(a) = 32a°/157

iii) ¢(y) : Figure 1; U(a) = k + 4A/ar

A

V(y)
A er:kz
/ h

Figure 1: ¥ (y) Figure 2: Feedback connection

Figure 10.17

Y

2. Consider the feedback connection of Figure 2 with

1
G(s) = CESIC and  ¢(y) = sgn(y). (1)
Using the describing function method, investigate the possibility of existence of periodic

solutions and the possible frequency and amplitude of oscillation.

3. Repeat exercise 2 with

S

G(s) = 7.5 ad P(y) =y°. (2)

4. Consider the feedback system with a linear block L and a nonlinearity sgn(y)+|y|y

s(s+1)(s+2)
(note that it is an odd nonlinearity, so the describing functions method applies, and note
that the first term was already studied in class). First, find the describing function for
the nonlinearity. Then, determine if the feedback system is likely to have any periodic

solutions.





