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B(s) = bmSm+bm_15m_1+"'+b13+bo
A(s) = ans"+a, 18" 1+ +a;s+ag

Unknown parameter vector

6 = [bmbm1 - by boanany - aag
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Controller

~ Q(s)
"= R’

P(s) and Q(sS) obtained by solving a “Bezout’-type polynomial equation involving A(s) and
B(s) to satisfy some objective—for example, the placement of closed-loop poles.



Controller

~Q(s)
BCIEN

P(s) and Q(sS) obtained by solving a “Bezout’-type polynomial equation involving A(s) and
B(s) to satisfy some objective—for example, the placement of closed-loop poles.

So, the coefficients of P(S) and Q(S) at each time step are determined from the estimate
6(t) of O at each time step.
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Approaches to identifier design

e Lyapunov
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Approaches to identifier design

e Lyapunov

e Estimation based/Certainty equivalence

— with passive identifier (often called “observer-based” method)

— with swapping identifier (often called the “gradient” method)



PDE with unknown functional parameter

U = Uxx+A(X)U



PDE with unknown functional parameter
U = Uxx+A(X)U
Measurement : u(0)

Control : u(1)



PDE with unknown functional parameter

U = Uxx+A(X)U
Measurement : u(0)

Control : u(1)

e Unstable

e “Infinitely many” unknown parameters / infinite—dimensional state

e Scalar input / scalar output
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Plant transfer function:

u(0,s) = % u(1,s)

where
Bs) = 1
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Plant transfer function:
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u(0,s) = % u(1,s)
where
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and 6(x), 81 are related to A(X) through the solution of the PDE

Pyy(X,Y) +A(Y)P(X,Y)
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Plant transfer function:

u(0,s) = % u(1,s)
where
B(s) = 1
A(s) = coshy/s+ lels'rj‘g\/é_/ole(y)5|nh\/\§[(51_

and 6(x), 81 are related to A(X) through the solution of the PDE

Pyy(X,Y) +A(Y)P(X,Y)
0
% /X 1A(y) dy

o pY(Xv O)
o p(ov O)

y) dy
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Compensator:

where

1
P(s) = cosh\/é—/k(l—y) cosh(v/sy) dy
0

(O . 1-y
Qs = O/ ) | -0, =) o SRS O/ 0() cosH{v/&) o

1

1
+ [ Ky)cosh(va(1-y) [ 6()
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Compensator:

u(1 s):%u(o S)
where
1
P(s) = cosh\/é—/k(l—y)cosh(\fsy) dy
0
1 1-y
B sinh(yv/sy) | sinh(y/sy)
Qs = O/ k(y) | -0 4 S O/ B(£) cosh(v/SE) dE
1 1 :
+ / k(y) cosh(v/s(1-y)) / G(E)Smh(\/\é/g_é))dédy
0 1-y
and

() = 61— [ oy [ [el— JACE ds] K(y)dy
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Adaptive scheme

Ut = Uyxx+A(X)U
Ux<0) — O




Adaptive scheme

Ut = Uyxx+A(X)U
Ux<0) — O
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Adaptive scheme
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Update laws (least squares)

s gy — SOV YDA Ay Yo B0 (oo g 1
ax) = R g (10O~ Ew0) ¢ [ ac e )
s oo DeW) dy+n®e0) (oo 1



Riccati adaptation gains

e V(% 9)@(s)ds g V(Y. 9)9(s) ds+ yo(X)Yo(y) 9 (0)

wowt) = 1+ 12+ ¢2(0)
~ QO)Yoly) S V0, 9@(S) ds-+ @(O)yo(x) J-v(y, S)@(s) ds
1+ [ @]2+ ¢%(0)
o (Jovs)es) ds+yol)w0) ) (S5 Vo(s)a(s) ds+yag(0))
o = 1+ [+ (0)
1 2
' (/5 vo(s)@(s) ds-+v10(0) )
L

1+9ll*+ ¢(0)



Adaptive Controller

where U(y) is the “adaptive observer”

o

Uly) = W(y)+610(y)

00

B T2n+1)y (L m2n+1)E )( L m(2n+1)n )
ZnZOcoq 5 ( /o COS 5 dé /0 COS > @(n)dn

and R(x) Is the control gain given by the integral equation in one variable

k(x) = —/OX dy—/oxl —/Ox_y ds] k(y) dy



Simulation Example

U = Uxx+ b(X)ux+A(X)u
Ux(O) = 0

Reference signal:  u"(0,t) =3sin@ b(x) =3—2x%2 A(x) = 16+ 3sin(21x)



Simulation Example

U = Uxx+ b(X)ux+A(X)u
Ux(O) = 0

Reference signal:  u"(0,t) =3sin@ b(x) =3—2x%2 A(x) = 16+ 3sin(21x)

45

30¢

Control effort Output evolution



Simulation Results (parameter estimates)
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Adaptive Nonlinear Control—A Tutorial

e Backstepping

e Tuning Functions Design

e Modular Design

e Output Feedback

e Extensions

e A Stochastic Example

e Applications and Additional References

main source:
Nonlinear and Adaptive Control Design (Wiley, 1995)
M. Krstic, I. Kanellakopoulos and P. V. Kokotovic



Backstepping (nonadaptive)

1 = X+0(x)'0, $(0)=0
Xz = u

where 8 is known parameter vector and ¢(X1) is smooth nonlinear function.
Goal: stabilize the equilibrium x; = 0, xo = —$(0)70 = 0.

virtual control for the X;-equation:

ay(x) = —cxa—9(x1)'6, >0

error variables:

Zp = Xo—01(Xp),



System in error coordinates:

1 = X1:X2+¢T9=ZZ+G1+¢TGZ—C]_Z]_—|—22
) i ) 60(1. 60(1 T
7 = Xo—01=U——X1=U——=(X 9).
2 2—01 oxg L ox ( 2+

Need to design U= 02(Xq,Xp) to stabilize z; = zo = 0.

Choose Lyapunov function
1 1
V(x,X2) = EZ% + QZ%

we have

. day T
V = Zl(—Clzl—FZz)—I—Zzlu—a—Xl(Xz—l—q) 9)]

oa
- —CZ+2 [u+21—6711 (x2+¢Te>]

N/

=—02%

- =

=V =—c1Z— 5



Z = O is globally asymptotically stable

invertible change of coordinates

4

X = O is globally asymptotically stable

The closed-loop system in z-coordinates is linear:

HEESE



Tuning Functions Design

Introductory examples:

A B C
X1 =U+0(x)'0 X1 = X+d(x1)'0 X1 = xo+d(x1)'0
XZ = u 5(2 = X3
5(3 = u

where 0 is unknown parameter vector and ¢(0) = 0.

Degin A. Let 0 be the estimate of 8 and 8 = 6 — 6,
Using

N

U= —cix; —d(x)'8

gives

~

Xp = —CXq + (1) "6



To find update law for 6(t), choose

. 1 1~ .
Vi(x,0) = x4+26'r 18
2 2
then
Vl = —C]_X% +X1¢ (X]_)Té — éTI'_lé
= —C]_X% + éTI'_l (rd)(Xl)Xl — é)
=0
Update law:
6 — [P (x1)Xq, $(Xq)—regressor
gives

' 2
Vi1 =—-C1x1 <0.

By Lasalle’s invariance theorem, X1 = O,é — O is stable and

lim x(t) =0

I—o0



Design B. replace 0 by 0 in the nonadaptive design:
Zp=%p—a1(x1,0), 01(x,0)=-c1z1-¢'0

and strengthen the control law by Vo (X1, X2, é)(to be designed)

~ od ~ ~
U= 0p(X1,X2,0) = —Cpzp — 21 + 3 11 (X2+¢T9> +V2(X1,X2,0)

error system

71 = +01+0'0=—c1z1+2+0'0
oa 001 A

7, — xz—dlzu—a—ll(xz+¢Te)— s
. 001 001 A
= TATGR G- 99+V2(X1,X2,9)

or

0
aa19+V2(X1,X2, 0)

7

—ci 1 7 o
[ ] a] |

remaining: design adaptive law.

-0



Choose

A 1 1, 1, lar _1a
Vo(X1,%0,8) = Vi + =23 = Ez§+§z§+§eTr—1e

2
we have
' 22 o L lo_arr
Vo = -1y —Cp 2—|—[Z]_, 2] —%(PT 0—-06'I -0
aX]_
_ aTr-—1 a4 74 A
= -+ 8'T (r {q), —a—xlcp} [22]—9).
The choice
: . 3 2 U,
6 = rta(x8) = 1 [o, ~239] [Z;] - (@a?(lld)Zz)
\ - .EE _J/
(T1, T2 are called tuning functions)
makes

Vz = —C]_Z% — 0222,

thusz=0, 8=0is GS and x(t) —» Oast — oo.
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The closed-loop adaptive system



Design C. _
We have one more integrator, so we define the third error coordinate and replace 0 in
design B by potential update law,

N

Z3 = X3—02(X1,X2,0)

~ oo ~
Vo(X1,%2,0) = aéerz(Xl,Xz,G)-

Now the z1,Zy-system is
BREESHRE
29 -1 -0 Vip) —a%lld)-r

' oa A ~ A
Vo = —C]_ZZl — CzZ%—F 2973+ 2o aél(rTz —0)+ eT(TZ — F_le).

~

0
0 A
+ 23—|—%(|_T2—9) ]

and




Z3-equation is given by

. da oa 005 A
Z3 = u——Z(X2+¢T9>——2 29

0X1 0X2 00 0X1
Choose
A 1, 1 1 1 1ot 1
V3(x,8) = Vot 57 = SH+ 55+ 55+50' T 10
we have
. oo A
V3 = —01221—022%+22 aél(l_Tz—G)
_ 992 Tg) _ 992, 9923
+273 [22+u 3 (xz () e) I X % e]



Pick update law
Z
A A 00 0 0 1
0 =T13(X1,%2,%3,0) =T (Tz— 3 l¢23) {d),%lld), —%‘P} Z
Z3

and control law

A oa A oa
U= 03(X1,%2,X3,0) = —7p —C323+ ——2 (Xz + ¢T9> + ——2x3+ V3,
0X1 0Xo

results in

= —C:|_Z2 C222

Notice
é— [Ty = é— 13— F—¢23
1

we have

V3 = —C1Z — CoZ5 — G375+ 73 (v 060(62 T +0;(é1 aazq)zz).

Stability and regulation of X to zero follows.



Further insight:

.
1 0 21
14T | 5
—Cr 1 Z | + Xy 0+
-1 —c Z 0024 T
3 3 ] 0X1¢ |
~ ~ oo
UG—FTZZ O—FTg—F—2¢23
aX]_

1 0 2 o7 .
—Cp 1+%rgid z |+ | —% |6+
-1 —C3 Z3 _%q)-r

| seletion of v3
1 0 |
aalradz 21
6—02 . 1+7§ a_xlq) Z5
__,O(; 0d2 _ Z3
1 % [ axlq) C3 |

.

V3 —

001 4T

_ngq)

_ o024 T
aX]_q)

%% (P, — 6)

adz

% 13

0

0

00,
Fe*r.[?,

¢T

ng



General Recursive Design Procedure

parametric strict-feedback system:

X = Xp+¢1(x1) "0
Xp = Xg+2(x1,%)"0

Xn—l — Xﬂ+¢n—1(xla°°°7xn—1)Te
Xn = BX)u+odn(x)'e
y = X1

where (3 and ¢; are smooth.

Objective: asymptotically track reference output Yy (t), with yp) (t),1 =1,---,n known,
bounded and piecewise continuous.



JAN JAN JAN
Tuning functions design for tracking (zo =0, ag =0, 19 = 0)

(i-1)

—¥ —Qj-1
. 1 00j_1 0i_1 (k
—Za_l—ciZa—wiT9+z ( o xk+1+—ay§;_l)y§) +Vi
60(
| 1 |+
Ti— 1+WiZi
aal 1
z an
I=1,....n

YIgi) - (Yr,S’r, cee 7yI§I))

Adaptive control law:

Parameter update law:




Closed-loop system

7 = Az0,t)z+W(z6,1)'0
6 = I'W(z,é,t)z,

where
i —C1 1 0
A —1 —C»o 14023
Az(z2,0,t) = 0 —-1-o093
0 —0O2n —1—-0On_1n
A 0ai_q
Ojk(x,0) = — ajé Wi

This structure ensures that the Lyapunov function

Ly lat-13
Vh= =2'z2z+-0'T"6
n =ity

has derivative

_ n
Vh=— z CkZﬁ.
k=1




Modular Design

Motivation: Controller can be combined with different identifiers. (No flexibility for update
law in tuning function design)

Naive idea: connect a good identifier and a good controller.

Example: error system
X = —Xx+(x)0

suppose 8(t) = et and §(x) = x3, we have

X = —x+x5e

But, when [Xg| > \@

2

oo N
X(t) as t 3Inx(2)—3/2

Conclusion: Need stronger controller.



Controller Design. nonlinear damping
U= —X—0(x)8— d(x)°X
closed-loop system
X = —X—(X)°X+ ¢(x)8.

With V = %xz, we have
V o= —x2—0(X)2C+xd(x)8
= —x°— b (X)X 1@ 2+162
B 2 4
1~
2 2
< — —0°.
X +4

bounded B(t) = bounded x(t)



For higher order system

X1 = Xo+0(x)'0
Xo = U
set
a1(x1,0) = —c1xg — 0 (xq) " —Kk1|d(x1)|?x1, €1,k >0
and define

N

Zp = Xp — 01(X1,0)
errorsyStem
o 2 T3
21 = —C1Z1—Kq1|¢|“zn+9 ' 0+2
001

i . . 60(1 T A
Zp = Xo—01=U o% (x2+¢ 9) aée.




Consider

1 1
Vo =Vi+ 22 = =|7°
2 1+22 2||

we have
. 1 »~ 2 00(1 T aal;\
< = — — —
Vo C1221—|—4K1|e| +21Zo+ 2o [U A% (x2+¢ G) % 0
1 ~ 2 60(1 TA 00(1 T 00(1'A
< — — —— < :
< Clz%+4Kl\9\ +2 [u+z ox (x2+¢ e) ( ¢ 0+ Y: 0
controller
2
001 00( oa A
U= —21 —CoZp— K3 ox Zp— 0O PY: 22+6711(X2+¢T9),
achieves

. 1 1 A
Vo < —C1Z2 — CoZ2 B2 B2
> < —C17] 22+<4K 4K)IlﬂL 2||

bounded 8, bounded 8(or € £5) = bounded X(t)



JAN JAN
Controller design in the modular approach (zo = 0, ag = 0)

_ (i-1)

Z = X—WY —Qj-1
— A i N O T 0ai_1 (k)
G'(X-,G,yﬁl 1)) = _Zi—l—C'Zi—W'T9+ Xkt+1+—F—Yr —S4
i\Ai i i kzl 0Xi aygk—l)
i—1
vl Ry U AN o 0dti 1
W|(X|,e,yr ) ¢| kzl an q)k
. oo T|?
s(,0.% ) = Kiwi+g|—
00
i=1...,n

)?i:(xla"'axi)a yﬁi):(yl'ayra"'a p))

Adaptive control law:

Controller module guarantees: _
fOEC Loand B € L£o0r Lo then XE Lo




Requirement for identifier
error system

7 = Ar(2,6,t)z+W(z6,t)"8+Q(z6,t)'6

where

—C1—3
—1

1 0
—Ch—S 1
-1
0

.
N




Since

1 0 0 |
_% 1 :
WzboT=| o o | Fo0
_9%n-a1 . _99n1 q
B aXl aXn_l |

|dentifier properties:

(1) € £e and é € L9 Ol Lo,
(i) ifXE Lo then F(x(t))TB(t) — 0 and B(t) — 0.



Passive identifier

Identifier Design

x=f+FT0

X

(AO—AFTFP> (R—X)+ f+FTH

D

D>

rFP




FPe

o2

wl T

€= [Ag—AF(x,u) F(x, u)P} e+ F(x,u)'d
update law
6 — I'F(x,u)Pe, r=r’>o.
Use Lyapunov function
V=0r19+c"Pe

its derivative satisfies

V < STS—L|9|2

()

Thus, whenever X is bounded, F (x(t))T8(t) — 0 and é(t) — 0.
(€(t) — O because [y €(1)dT = —¢(0) exists, Barbalat's lemma...)



Swapping identifier

x=f+FTo

Qo= (Ao—AFTFP) (Qo—X) + f

=

Q= (A~ ANFTFP)Q+F

Y

rQ

D>
A
D>

1+v|QJ?




define € = X+ Qp— QTe.
£ = [Ag— AF(x,u)TF(x, u)P} €.
Choose
V= %éTr—1é+§P§
we have

3 ele
< —= )
— 41+vtr{QTQ}

proves identifier properties.



Output Feedback Adaptive Designs

X = Aty +oyat| oy,
y = elx,
0
A _ |n—1 :
o ... 0}
¢o,1(Y) ¢1.1(Y)
Qy) = i : D(y) = f
don(y) d1n(Y)

unknown constant parameters:

a=[ag,...,aq", b=1[bm,...,bo] .

x e IR"



State estimation filters

Filters:

> |1l ™




Parameter-dependent state estimate

R=E+Q'0

The vector k = [Ky, ..., kn]" chosen so that the matrix

-
AO — A— kel
IS Hurwitz, that is,
Tp bl
PAO+AOP— -1, P=P >0
The state estimation error
€ =X—X

satisfies



Parametric model for adaptation:

y = (k)0—|—00T9—|—£2

— mem,2+00O+(:)Te+€27
where
w = ¢o1+&2
W = [Vm,Zan—l,Za e 7V072’ CD<1) ™ E<2)]T
® "

0,Vm-1,2,---,V0,2, P1) +=(2)



Since the states X»,...,Xn are not measured, the backstepping design is applied to the
system

Y = DbmVma+wo+® 6+4¢;
Vm,i+1—kiVm,1> |:277p_1
Vmp = O(Y)U+Vmpi1—KoVm1-

The order of this system is equal to the relative degree of the plant.

Vm, i



Extensions

Pure-feedback systems.
X = Xip1+0i(Xt,....x+1)'8, i=1,....n-1
k= (Bo(¥)+B0)T8) u+do(x) +n(x)Te,
where ¢o(0) =0, $1(0) =--- = ¢n(0) =0, Bo(0) # 0.

Because of the dependence of ¢j on X 1, the regulation or tracking for pure-feedback
systems is, in general, not global, even when 8 is known.



Unknown virtual control coefficients.
Xj = biXi+1—|—¢i(X1,-..,Xi)T9, 1=1,...,n—1
).(I’] — an(X)U + ¢n(X17 c o 7Xn)Tea

where, in addition to the unknown vector 6, the constant coefficients bj are also unknown.

The unknown bj-coefficients are frequent in applications ranging from electric motors to
flight dynamics. The signs of bj, 1 = 1,...,n, are assumed to be known. In the tuning
functions design, in addition to estimating bj, we also estimate its inverse p;j = 1/bj. In the
modular design we assume that in addition to sgr;, a positive constant ¢j is known such
that |bj| > ¢. Then, instead of estimating pj = 1/bj, we use the inverse of the estimate bi,
i.e., 1/6i, where Bi (t) is kept away from zero by using parameter projection.



Multi-input systems.

X = Bi(X)Xip1+®i(X)T0, i
Xn = Bn(X)u+dn(X)T8,

|
=

.., n—1

T

where X is a Vj-vector, V4 < Vo < --- < Vp, )Z = [XT, . ,Xﬂ . X = X, and the matrices

iy
Bi (%) have full rank for all X; € RZi=1Vi The input U is a vp-vector.

The matrices B; can be allowed to be unknown provided they are constant and positive
definite.



Block strict-feedback systems.

Xi — Xi+1+¢i(xla Xi,Zl,...,Zi)Te, |:1,,p—1
o = BxQu+p(x0)'e
ZI — CDI,O(XI?Z)_'_CDI(XIaZ)Te) |:177p

_ — T _ —
with the following notation: X; = [Xq, ... ,Xi]T, (= [ZT, .. ,Zﬂ , X=Xp, and { = {p.

Each (j-subsystem is assumed to be bounded-input bounded-state (BIBS) stable with
respect to the input (Xj,{j_1). For this class of systems it is quite simple to modify the
procedure in the tables. Because of the dependence of ¢; on (j, the stabilizing function

aj is augmented by the term +ZI _11 ag'z 1CDk 0, and the regressor w; is augmented by

site (%)



Partial state-feedback systems. In many physical systems there are unmeasured states
as in the output-feedback form, but there are also states other than the output y = X4 that
are measured. An example of such a system is

X1 = X+01(x)'0

Xp = Xg+02(x1,%)'0
X3 = Xq+03(Xg, %) 6
Xg = Xs+0a(xg, %) 6
X5 = U+ Gs5(X,X,X5) 6.

The states X3 and X4 are assumed not to be measured. To apply the adaptive backstepping
designs presented in this chapter, we combine the state-feedback techniques with the
output-feedback techniques. The subsystem (Xo,X3,X4) is in the output-feedback form
with Xo as a measured output, so we employ a state estimator for (Xo,X3,X4) using the
filters introduced in the section on output feedback.



Example of Adaptive Stabilization in the Presence of a Stoch astic Disturbance

dx = udt 4 xdw

W: Wiener process with E {dwz} — o(t)2dt, no a priori bound for &

Control laws:

—x—x

Adaptive Stabilization: u = —x—éx, 6 = x?

Disturbance Attenuation: U



Disturbance Attenuation

D

Adaptive Stabilization

1 |
0.5 1 t 15

2.5

L L L
0.5 1 t 1.5

25



Major Applications of Adaptive Nonlinear Control

e Electric Motors Actuating Robotic Loads
Nonlinear Control of Electric Machinery, Dawson, Hu, Burg, 1998.
e Marine Vehicles (ships, UUVs; dynamic positioning, way point tracking, maneu-

vering)
Marine Control Systems, Fossen, 2002
e Automotive Vehicles (lateral and longitudinal control, traction, overall dynamics)

The groups of Tomizuka and Kanellakopoulos.

Dozens of other occasional applications, including: aircraft wing rock, compressor stall and
surge, satellite attitude control.



Other Books on Adaptive NL Control Theory Inspired by [KKK]

1. Marino and Tomei (1995),
Nonlinear Control Design: Geometric, Adaptive, and Robust

2. Freeman and Kokotovic (1996),
Robust Nonlinear Control Design: State Space and Lyapunov Techniques

3. Qu (1998),
Robust Control of Nonlinear Uncertain Systems

4. Krstic and Deng (1998),
Stabilization of Nonlinear Uncertain Systems

5. Ge, Hang, Lee, Zhang (2001),
Stable Adaptive Neural Network Control

6. Spooner, Maggiore, Ordonez, and Passino (2002),
Stable Adaptive Control and Estimation for Nonlinear Systems: Neural and Fuzzy Approximation Tech-
niques

7. French, Szepesvari, Rogers (2003),
Performance of Nonlinear Approximate Adaptive Controllers



Adaptive NL Control/Backstepping Coverage in Major Texts

1. Khalil (1995/2002),
Nonlinear Systems

2. lIsidori (1995),
Nonlinear Control Systems

3. Sastry (1999),
Nonlinear Systems: Analysis, Stability, and Control

4. Astrom and Wittenmark (1995),
Adaptive Control



