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Example of a Flow Control Problem:
Cylinder Wake/Vortex Shedding

Incoming flow Ole Morten Aamo
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Boundary Control (Linear)

- Eigenvalue Assignment. Triggiani (1980); Lasiecka and Triggiani
(1983). Moving (rather than arbitrarily placing) infinitely many
eigenvalues: Russell (1977)

-LQR. Lasiecka and Triggiani book (2000) and various other previous
authors. Related optimal control results: Bensoussan, Da Prato, Delfour,
Mitter book (1993)

-Boundary Observers/Output Feedback. Nambu (1984)

* Frequency Domain. Surveys by Curtain (1990) and Logemann (1993)

- Abstract Boundary Control Theory: Fattorini (1968)
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Backstepping Boundary Control of PDEs
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Backstepping Boundary Control of PDEs
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Backstepping Boundary Control of PDEs

Example plant u, = u,, + Au x €(0,1)
u(x=0,1)=0
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Backstepping Boundary Control of PDEs

Example plant u, = u,, + Au x €(0,1)
u(0)=0
1
Control u(1)= [ k(1,y) u(y)dy
0
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Boundary Control of PDEs

( .., —2u +u, )
Example plant u =u, + Aou U, = — 21 =+ ;Lo U,
h
u(0)=0 \ Uy, =0; u, =control )
1
Control u(l) = j k(1,y)u(y)dy
0
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Backstepping Boundary Control of PDEs

Example plant u, = u,, + Au x €(0,1)
u(0)=0
1
Control u(1)= [ k(1,y) u(y)dy
0

X
Transformation  w(x)=u(x)— J k(x,y) u(y)dy
0

Target system W, =w

4 XX
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Backstepping Boundary Control of PDEs

Example plant

Control

Transformation

Target system

u(1)= [ k(1) u(y)dy

w(x)=u(x) = [ k(x.y) u(y)dy

W, =W _—CW c=20

w(0)=w()=0

=UCSD | Mechanical and
Jacobs | Aerospace Engineering



Backstepping Boundary Control of PDEs

Example plant

Control

Transformation

Target system

w(0)=w(1)=0
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Kernel PDE

ke (X,3) = Ky (X, ) = A k(x,y) A=A, +c

k(x,0)=0
A

k(x,x)=——x

/ Bessel function

2 2
closed form _ Il(\/l(x R ))
solution \/ Ax*—y?)

=40
0
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... the Kernel

Dependence of the kernel Amount of total gain
on level of instability as a function of
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Unstable Heat Equation Example

ut(xat) = uxx(xat)_l_)“() M(X,t)
u(0,1)=0

1 A1 —y*)
controller u(l,z) = J A (\/ d )
JA=y?)

u(y,t)dy A=Ay+c

closed-loop solution eigenfunction
A

eigenvalue

= o) C 2
u(x,t)zz:e(m ) i sin(\/l+ﬂ2nzg
n=1

\/7L+77:2n2
/ \
. A( )
x [| sin(zné) - jég (\/ T )sin(ﬂnn)dn u, (E)dE
o JAM - &) /
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Control

Plant u, =u,, +Au
- 11(\/71(1—y2))
Control u(l) = _J Ay = u(y)dy
0 /l(l — yz)

Il ( i(xz —yz))

Transformation w(x)=u(x)+ j Ay u(y)dy
\/ A x — y
“Observer” W, = j w(y)dy + (w(x)— w(x))Jw(y) dy

Parameter Update Law /i = j(w(x) — w(x))w(x)dx
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Inverse Optimal Stabilization

Theorem
The control law / \
o WA=y
uy(1)=——| u(h)+ [ A —u(y)dy
R \ 0 \/;L(l -y°) )

stabilizes the system in L,(0,1) and minimizes the cost

Jw)= [(Quu(o)+ Ruu (1.))" )dr

where R 1s sufficiently small and

O(u) = j w (u(x))’ dx
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plant
u (x,t)=u_(x,t)+ A, u(x,t)

1(0,£)=0 A= +c
. (L,1)=U(r)
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plant
u (x,t)=u_(x,t)+ A, u(x,t)

u(0,1)=0 A=Ay +c
u(l,t)=sensor
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plant
u (x,t)=u_(x,t)+ A, u(x,t)

u(l,t)=sensor

observer
i, (x,t)=u_ (x,t)+ A, u(x,1) +"L(y—Cx)"
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plant
u (x,t)=u_(x,t)+ A, u(x,t)

u(0,1)=0 A=Ay +c
u(l,t)=sensor

observer
i, (x,0) = i (x,0) + A a(x, 1) +L(o)[u(l,0)—d(l,e)] +"L(y—Cx)'
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plant
u (x,t)=u_(x,t)+ A, u(x,t)

u(0,1)=0 A=Ay +c
u(l,t)=sensor

observer
. . . Ax > .
i, (x,1) = i (x,1) + Ay () ——— I, (A0 = x*) J[u(1.1) = ia(L,1)]
1—x N P
~ N ~— 7/ \& i
u(0,7)=0 output injection gain function outputeerrolrma lon

u (1L,H)=U(t)+ %[u(l,t) —u(1,1)]
controller ‘“——
Ay

A ! _\
0, (10 = U (1) = =Zu(l.1) - jl 1, (\//1(1 —y )Zu(y,t)dy
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Output Feedback: Explicit Solution

— 2
u(x,t) = 26—(C+(7m+7t/2) )z¢n (x)
n=0

©o . ﬂz(n—m)(n+m+1)t
X[]%(i)uo(é)dﬁ—(—l)"{ C,+ 2 21 - Cm]]

' (n—m)(n+m+1)

m=0,m#n

2mn+ 1

\/7L+(7m+7l'/2)2

P, (x) =

sin(\/m(nnm/z)zx)

| 11(\//1(52—)62))

v, (x)=sin((mn+7mw/2)x)+ jlx
VAE? -

|
C, = {j A 12(\//1(1—52))Vn(é)dé:de)n(éi)(uo(éi)—ﬁo(éf))dii]
0

sin((7m + 7t/ 2)E) dE

1-¢&°
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Ginzburg-Landau Model of Vortex Shedding
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Ginzburg-Landau Model of Vortex Shedding

P, =agP — L, +(bo(x) + cp(x) (p2+12) P
~(b,x) + ¢/0) (P2

L= a0+ agl, +(b(x) + ¢ (x) (p*+12) P
+(bg(x) + cxx) (P41

for x € (0,1) with boundary conditions

p0,)=0, 1(0,¢)=0
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Observer

Va\

P, =P, —ai, +(bp(x)+ ()P +17))p
— (b, () + ¢, ()P +17) )1

+ p, (0 (p(Ln) — pl,1))

+ p., (0)(u1,1)—1(1,1))

[ =a,p,, +agl, +(b,(x)+c,(x)P* +1*))p
+(br(X) + cx(X)(P” +1)) 1
~ po 0 (p,0) — p(,1))
+ p, (0 (1(1,1)—1(1,1))

f)(O, t) — O, i\(O, t) — O = UCSD | Mechanical and
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Observer

Va\

P, = app,, — aji, +(be(x)+ cp()(P* +1))p
~ (b, + e, (P +) )i e
+ p, () (p,1) = p(L,1))
+p,, (01,1 - 1(1,1)) i

0.1

A\ A

lt — alpxx + aRixx + (bl (.X) + CI (X) DE;S
+(be(X) + ()P +1))T e
—p (O(pL,)=pA,1)

+ P (x)(l(l’ t) o i\(l’ t)) ki 0.2 0.4 0.6 0.8 1
f)(O, t) — O, i\(O, t) =0 =UCSD | Mechanical and
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Observer Simulation - No Control

= -fmm i f‘ff\‘\\

“ I ‘114

Open-loop Observer error
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Control law

p. (1) = j(kx(l,y)ﬁ(y,t) +h (LyE(y,1))dy
i k(L Dp(Le) + k. (1,1)1(1,1)

L (1,1) = j(—kc,x(l,y)ﬁ(y,t) + ke (L)L, 0))dy
i k. (1,Dp(L,t)+ k(1,1)1(1,1)

p,(,0)=p,(1L1)

L, (L) =1,(L0)
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Control law

p.(L1)= [(k.(1y)pG.0)+ k. (1,)i(y,0))dy

+k(LDpA, 0+ k (1, 1)i(Lz)

1
L (L) = [(=k, (L)) +k (1Ly)iC T
0 201

e (LDpL)+ k(L D1(Lr)

0

=60

p.(Ly=p (1,1 . .
L=t oo e e e
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Closed loop simulation

150
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Magnitude, dB

Phase, deg

-100 -
-120

-180

Controller transfer functions:
from pressure sensing to velocity actuation

From In{1) to Out(1) From In{2) to Qut(1)

220 |
T
B0 |
8Ok

180

90| -

0

90 | .

10 10" 10° 10* 10~ 10" 10° 10"

Stable, min-phase transfer functions,

can be approximated by order 10
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2D (Navier-Stokes) View

Incoming flow . Ole Morten Aamo
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Conftral input

. 85535 ¢

> &8 & & B8

Control Effort and Lift

Lift coefficient
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Equilibrium Profile Identified by Control

Stabilized flow by feedback control reveals the underlying
equilibrium profile and separation point!
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spatially-dependent diffusion

u,(x,t)=ex)u_(x,t)+ A, u(x,t) A R R R
1(0,t)=0 ol N\ /N / \

ek, —(E(k),, = Ak
k(x,0)=0

k(x,x)=—

) S N
0 g o NS
ZEQAQdQ ° |

0 05 1
y
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Diffusion parametrization =)= eo(1+9(x—x*)2)2

0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Extremum has arbitrary value and flatness Peak or well
2 T ¥ T I 2

15¢ 1.5

% 0z 04 08 08 1 % 0z o4 08 08 1
X X

Extremum has arbitrary location Linear functions easily matched
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. explicit gain kernel

0 L (e @A+ )01 = 007
k(y)= " () A+ ¢ 20/4
’ Joy? = oGy

1+6x™ " ;
(&) = +\/5 (arctan(\/a(é—x ))+arctan(\/5x ))
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Chemical Tubular Reactor Example

20

M) = cosh’ (cex —p3)

gain kernel & (y) = oe”“™P")(tanh B — tanh( — ay))
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Time-dependent reactivity

15

u, (x,t)=u_(x,t)+ AOu(x,t)
1(0,¢)=0

u(,)= [k(1,y,0u(y,)dy

k, =k, —k,, — M)k
k(x,0,1)=0

k(x, x.1) = —%)L(r)
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Solid Rocket Propellant Example

u,(x,t)=u_(x,t)+ gu(0,?)
u (0,1)=0

gain kernel k()= \/g sinh(\/g 1-y))

closed-loop solution

u(x,t)= 226 (cos U, x) 2g ]

U, +8
X J(cos(unéh(—1)"§sinh(@<l—§>)) (&) dE

T
W, =7mn+— =UCSD | Mechanical and
2 Jacobs | Aerospace Engineering




Compensator as a Transfer Function

ut(xat) — uxx(xat)_l_ gu(oat)

plant
u,.(0,¢)=0

compensator

u(1.5)= g[l_ (s— g)coshw/gcosh\/g]u(o’s)

s scosh+/s — gcosh\/g

\)

s+17

u(l,s) =60 5
s“+25s+320

u(0,s)  (g=8)
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PDEs w/ destabilizing boundary conditions

u,(x,t)=¢eu_(x,t)
u,(0,7) = qu(0,7)

gain kernel

11(\/6(1—)22))_'_ gc
Je=y)  Je+q’
xjeqn/zsmh( letq } (

X

k(y)=-c

I (e(1+y)(1-y- n))dn

c>eq°
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Combining Different Solutions

H kA(x,y)

” ” ”
W, =W, —CW

k(x, ) =k (o, )+ k* (x, ) = ]Ck“ﬁ (x, D)k (T, y)dT

y
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Thermal Convection Loop (2D)

- Heated at the bottom, cooled at the top.

- Its discretization produces the “Lorenz attractor.”

Rafael Vazquez
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Actuation

v(t,R,) =" (1) - rotation of outer boundary
T (t,R,,0)=U(t,0) - heating/cooling the outer boundary
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Model (linearized around equilibrium profile 7 = Kr sin0)

2r
.
EV. =v_+—L— > +A1JT(r,¢)Cosq)dq)
0

—\+'+"“+ v, v(r)/
T.=7, ot \ngcos

£ small — singular perturbation form

*(r,1) — nondimensionalized azimuthal component of velocity
* (7, ¢, 1) — nondimensionalized temperature fluctuation around equilibrium profile
* £—thermal diffusivity/kinematic viscosity

*A,, A, — parameters that depend on R, R,, viscosity, thermal diffusivity, thermal gradient,
and the coefficient of thermal expansion

=UCSD | Mechanical and
Jacobs | Aerospace Engineering



Singular Perturbation Analysis - Quasi-Steady State

Want the solution to have a “strict-feedback form:”

. :
General solution: Sot V:_i"-szz R,
2 Jr Jo

- 2
> cosot(t, s,0)dsdd
R2

r>—R’ R R, 2z RS — §°
V)= Rlz 2(V+ ! j jo 2" cos@rt(t,s,d)dsdo

R

R,

QUASI-STEADY STATE
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Singular Perturbation Analysis - Reduced Model

Control law (outer cylinder):

Rz _ S Makes.
V(f R ) —_1 J COS(DJ T(I,S,(P)CiSd(P strict-feedback

2

t rr
r

r2mr 2 _
—r 4l T‘%' —AA I j s coscosO7(s,()dsde
roor’ 2
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Controller

Control law (outer cylinder):

V(I,Rz) — _?1 J’ COS(bI T(t,s,¢)dsd¢ strict-feedback
R, 0

R,

Stabilizes the
reduced model

R, 21
1
7,(1.R,.0) = qT(t.R,.0) — c0s8 [ cos [ |=—| | g+ =— |(R,.5) =k, (R,.5) |1(t,5,0)dsdg
R, 0 R, 2R,

RZ
4(R,—R)

where g=-1-
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The Kernel «1(7,s)

3( 1 1 ,0 _ P22
—Ky=—| 35 |K+A dp— A A,
K, — K 4(r2 szjK lAsz \/pflc(rp)p -
1
KS(I",RI)ZZ—RIK(I",RI)
K(r,r)=0
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The Kernel «(7,s)

K —K 3(1 1)K+AAnjp2_SzK( Ydp—AA s

J— - — —— — e }/" —

rr SS 4 1”2 Sz 1“2 : /ps p p 1“2 /I"S
1

K (r,R)=——x(r,R

(s R) 2R (r,R))

K(r,r)=0

Explicit approximate solution:

K(§+’7,5_nj ) _AlAz[é(§3 -n" (& —nz)gj%ﬁﬁe[“gl[erf(l)_erf[ 1+%D

2 2
T34 S 5.
+R13[66R1 _?]_SRlzn_len2+§ R12 +R17](5R12 +2R17]):|

=-UCSD | Mechanical and
Jacobs | Aerospace Engineering



Simulations

Uncontrolled Controlled
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3D

Plant: u, =u, +u, +u, + Ay, 2u

Kernel Equation:
kxx + kyy + kZZ - kéi + knn + kCC
+()~(§ n’C)_ ),(x,y,z))k(x y’Z’éﬂn’C)

AL +2€_”m(y y 2= Z]k(xy z',6,n.0)dy'dz!

1<

Je

1AL +2¢

with B.C.:  k(x,y,2,x,1.¢) = 1AL, +2Cm[y_n,z_(:)x
21 uoou

ek

fj ) "
Al ’r‘a:*"**'ﬂn'-umm“

( 1 2, 2 ,,f. i 'r'**:':‘: mi...
Mollifier: 2.25 exp( ), y +z- <l h"\::j“m mi | '-%'
(a OrOX S_efcn) m(y7 Z) =X y2 + Z2 —_ 1 IJun'I’FIEI' ’h;::::“igtﬁlﬁw?} |
pprox. 0, yz n Zz >1 - ¥ ”@%&4’ :!:i \!’1 ‘K‘? e




Summary of Features of Backstepping

- Easier Analysis. Design and existence of solutions analysis accessible
with calculus.

- Numerically More Manageable. Our hyperbolic PDEs for kernels take
~20 times less time than Riccati equations even in 1D.

* Possibility of adaptive design
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Open Problems

*Hyperbolic PDEs. Structures, acoustic, traffic models.

*Nonlinear PDEs. Spatial Volterra series.
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Conrol of Turbulence: Channel Flow
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Stabilized Channel Flow
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Control Law

—112
“L, V7 (Jurdjevic-Quinn) type controller w.r.t. ||u||L2 as Lyap. fcn

‘/bottom wall (X) = Vtop wall (X ) = k P |:Ptop wall (X) - Pbottom wall (X):|

Vbottom wall =>UCSD | Mechanical and
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Turbulence Enhancement - Mixing

Vbottom wall (.X) op wall (X) = k top wall (X) - Pbottom wall (.X)

I & e
aamomeEn oyt

" rr
o A 5 RS ¥t

.:"" :

Unc’ontro

!:"n.li."
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Pipe Flow Mixing Control

v Sensing: pressure difference (centrally symmetric)
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Particle Tracking (Re=2100, L/R=3r)

Unecontrelled at t= 0.0

Contralled ot t= 0,00
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Pressure Field and Controlled Velocity

0.03

0.06
0.04
0.02
0.00 :
—0.02
—0.04

.08

—.02
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Control of 2D Jet Flow

Uncontrolled Controlled - light particles

Diffusive mixing
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Optimality

Theorem:
The control law maximizes the gain from the

(temporal) L, norm of the control input to the L,
norm of dissipation.

dissipation = spatial L, norm of the gradient of
the velocity vector
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More In...

Ole Morten Aamo and Mirosfav Krstic

Flow Control hy
Feedback

Stahilization and Mixing

S Springer
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Tailored Fuel Injection for Pulsed Detonation Engines

(Aliseda, Ariyur, Lasheras, Krstic, and Williams)

Laser measurement of water
droplets sprayed into a glass tube

Multivariable Pl controller

-0.02

003 P PR

oo L, (desired equiv. ratio distribution)

-0.05}

2 3 4
time (PDE cycles)
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INSTABILITY CONTROL

via Extremum Seeking with UTRC

Problem Statement Experimental Results (4MW combustor)

° Raylelgh Crlterlon_based = ?54p‘|8 . Date .& Time of Capiture: T hu J-El'.u_agE 1= 11 : 5735 ':998
controllers, which use phase- | . ' ' il
shifted pressure £ s : = .
measurements and fuel e S u\f\f‘mmﬁuuw VA UU\U{\N\;
modulation, have emerged as 0 ; /ext. seeklng suppresses oscillations -
prevalent o : ! ! ,

«  The length of the phase EZ
needed varies with operating IS
conditions. The tuning method ” PariSrmance memkire 1 — 8.0335, Parformante messure 2 = 20,8
must be non-model based. time

EXTREMUM SEEKER
Pressure
Impact ——>| COMBUSTOR ¢ —>

* Tuning allows operation 7 Frequency/
with minimum Phase-Shifting | amplitude
oscillations at lean Controller observer
conditions (09@

- § v

. Reduced engine size, TN 1 washout
fuel consumption and NO, U< 1 N filter
emissions T

sin wt =UCSD | Mechanical and
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AXIAL FLOW COMPRESSOR CONTROL

by Extremum Seeking H.-H. Wang

Problem Statement

*  Active controls for
rotating stall only reduce
the stall oscillations but
they do not bring them to
zero nor do they
maximize pressure rise.

*  Extremum seeking to
optimize compressor
operating point.

Experimental Results

Extremum seeking stabilizes the maximum pressure rise.

Pressure Rise

Impact

+  Smaller, lighter
compressors; higher
payload in aircraft

. Patent issued
(August 2000)

bleed valve Pressure rise
> Caltech >
> COMPRESSOR
EXTREMUN
Air Injection SEEKER
Stall Controller <

T 1 washout
N ! i‘ < filter
S
sin wt —T%LJCSIJ Mechanical and
Jacobs | Aerospace Engineering



Control of Magnetohydrodynamic Flows

* For drag management in hypersonic flight (re-entry vehicles and
SCRAMJET propulsion).

*For liquid metal blankets in fusion reactors.

 Control possible using purely electrical actuators and sensors (rather than
MicroElectroMechanicalSystems).

Magnetic [nduction Sensor Array Current Density Sensor Array

) =-UCSD | Mechanical and
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MHD Governing Equations

2L

08}

06}

MHD channel flow

Velocity Profile - Perfectly Insulating Walls

— Ha=0
—_— Ha=2
e Ha=5
— Ha=10

Ha=100 ||

1 L 1 1
0.1 0.2 0.3 0.4

Navier-Stokes Equation

Magnetic Induction Equation

Incompressibility Condition

Magnetic Field Equation
Faraday’s Law

Ampere’s Law

Ohm’s Law
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Appendix: Analysis of Kernel P(I)DE

x.eT. T=lyo<y<x<1}! | L

“boundary” conditions

k(x,x) = —i [AG)+)dy
0

ek, (x,0) = £qk(x,0)+ g(x)— [ k(x, »)g(»)dy
0
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Conversion to Integral Equation

g )t w_m[ T }
G(E,m) 4gja(2jdf 2816 a(2)+2g(f) dt

n
& _ B
R I Rt PR DRESIY I Rk it PR
des o L2 2 2, L2702
1 & M T—s 1 T
+— ] Jaq—— G(T,S)deT+—jeq(T_”)]a =" G(t,5)dsdr
el 5 L2 4e | )
u+n-s _
+Lﬂ f f u,H—T+S)G(T,s) dsdt
4¢e n 0 2 9)
1 e (r— T+s
Lo 555
2e 5, 0 4 2 )

2Nss .
+ij‘ j eq((T+S)/2_")g(—T 2S G(7,s)dsdt
0
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