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Motivation
Metal 3D-printing with selective laser sintering

Laser Scanner mirror
o

Metal powder (solid)

*x Repetitive process of melting and solidification



Physical model

* [Chung & Das, 2004] developed physical model by two-phase Stefan problem

qe(t)




Schematic of temperature dynamics with phase change
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oT, 02T,
Liquid PDE l(w t) —ozl—(ac t), 0<zxz<s(t),

aTl(O 0 =—aqe()/ki, Ti(s(t),t) = T,



Liquid PDE

Solid PDE

oT; 02T
“La,t) =a l(w t), 0<z<s(t),

ot
20, =- qc(t)/kla Ty(s(8), 1) = Tm,

aT °T
8t8(az,t) =Oésa 5 (1), s(t) <z <L

aTS(L t) =0, Ts(s(t),t)=Tm




o oT, 02T,
Liquid PDE —(w )—ozl l(w t),

ot
3Tz

oT 02T
S 28 (x t)

(z,t) =as

Solid PDE
ot Ox

(O t) — qC(t)/kla

ot

Interface ODE  ~s(t) = — kj— 5

0 < x<s(t),

Ti(s(t),t) = Tm,

%TS(L t) =0, Ts(s(t),t) =Tm

s(t) <z <L

S(0),0) + ks (5, ),



oT; 02T,
Liquid PDE E(az t) =ar l(:c t), 0<az<s(t),

%m) =—qc(t)/kl> Ty(s(t),t) = Tim,

T 2T
Solid PDE 88t3(x,t) =asa >(x,t), s(t)<z<L
oT
°(L,t) =0, Ts<s(t>,t) =Tm

ox

Interface ODE  ~s(t) = — kl (s(t) t) + ks S(s(t), t),
ox

Goal : Design ¢.(t) to drive s(t) — sr



Remark Model valid iff

Ti(z,t) >Tm, V€ (0,s(t)), Vt>0,
Ts(z,t) <Tm, Vz € (s(t),L), Vt>O0,
0<s(t) <L, Vt>O.



Remark Model valid iff

T)(x,t) >Tm, Yz € (0,s(t)), Vt>0,
Ts(z,t) <Tm, Vxe(s(t),L), Vt>O0,
0<s(t) <L, Vt>O0.

Lemma If ¢.(t) > 0, then above conditions are satisfied except for s(t) < L



Remark Model valid iff

Ty (x,t) 2Tm, Ve (0,s(t)), Vt>O0,
Ts(x,t) <Ty,, Vae (s(t),L), Vt>DO0,
0 <s(t) <L, Vt>DO.

Lemma If ¢q.(¢t) > 0, then above conditions are satisfied except for s(t) < L

Assumption The setpoint is chosen to satisfy

sp < sp < L
where s, := sg + % 150 (T1.0(x) — Tin)da + 2 [L (T, o(2) — Tin)da
and g; = %forz' =1,s.

* sr is the final interface position with g.(t) = 0.



Energy Conservation Law

Internal energy (specific heat 4 latent heat)

B =" [0, 1)  Tyaa + Lt)m(x, £ — To)dz + vs(2)

oY/ g Js(

satisfies (energy growth = external work)

E(t) = qe(t)



Energy Conservation Law

Internal energy (specific heat 4 latent heat)

s(t)
E(t) =Z—ll [ @) - Ty + <Ts<x £) — T da 4 75 ()

g S(

satisfies (energy growth = external work)

E(t) = qc(t)

Energy Shaping (ES) Control

qge(t) = —c(E(t) — Er)
drives E(t) to a setpoint energy E, = ~s, with satisfying g.(¢t) > 0 & s(t) < L.



Energy Conservation Law

Internal energy (specific heat 4 latent heat)

s(t) .
B = [ (T, t) - T)de + Lt)<Ts<x, £) — To)da + vs(t)

Q] Qg Js(

satisfies (energy growth = external work)

E(t) = qe(t)

Energy shaping (ES) control

qe(t) = —c(E(t) — Er)
drives E(t) to a setpoint energy E, = ~s, with satisfying g.(¢) > O.

Design by ES, and prove stability by backstepping




Theorem The control law (ES)
. kl S(t)
ae(t) = —c (Q /O (Ti(z,t) — Trm)da
ks L
+Fs 1 ) — T de + 2(s(8) — 80) |

g S(t)
where ¢ > 0, makes the closed-loop system globally exponentially stable in

(s — Sr)2 + 17} - Tm||%2 + [T — Tm||%2



Sketch of Proof:
Reference Error PDE Variables

u(:c,t) = ﬂ(fC,t) o Tm, ’U(ZC,t) L= TS(mat) o Tm7



Reference Error PDE Variables

U(CC,t) L= j}(iU,t) o Tm7 ’U(CC,t) L= TS(:Cat) o Tm,

Error System

PDE wui(z,t) =qqugze(z,t), 0 <z < s(t)
uz(0,t) = — qc(t) /k;,  u(s(t),t) =0,

PDE wvi(xz,t) =asver(z,t), s(t) <z <L
UCE(Lat) :O7 U(S(t)7t> — O)



Reference Error PDE Variables

U(CIZ‘,t) L= ﬂ(xat) o Tm7 U($7t) = TS(xat) o Tm7

Error System

PDE wui(x,t) =aqques(x,t), 0 <z < s(t)
ug(0,t) = — qe(t) /ky,  w(s(t),t) =0,

PDE vi(z,t) =asvez(z,t), s(t) <x <L
UCU(Lat) :O7 U(S(t>7t) — 07

two PDEs and ODE — complicated.......



Absorb solid PDE into ODE

X () 1= s(t) — sp + &/L v(z, t)dz.

g S(t



Absorb solid PDE into ODE

_ Bs [F
X(t) = s(t) — sy + 22 /s@ v(z, t)dz.

Ols

PDE wi(x,t) =aqqugs(x,t), 0 <z < s(t)
uz(0,t) = — qe(t) /K, u(s(t),t) =0,

ODE X (t) =—Bux(s(t),t).

x Prove stability of (u, X) at (0, 0) under ES design of ¢.(t).



State Transformation (from (u, X) to (w, X))

8

Qaj

s(t)
w(a,t) = u(e,t) == [ (@ = y)uly, dy — ¢z — ()X (D),

where ¢(z) = Bil(caz —¢).



State Transformation (from (u, X) to (w, X))

s(t)
wie,t) = ue,t) = 2 [T 6 — yyuly, Dy — (e — s(D)X (1)

Ozlaj

where ¢(x) = 5%(633 —€).

Target (w, X )-System

wi(z, 1) =aqwes(x, t) + —5(8) X (1),
By

w(s(t),t) =§lx<t>,
X(t) = =eX(t) — Bwz(s(t),1).
and, by ES design,
we(0,) = ——u(0, £),

Q)

which can be rewritten by (w, X)) on RHS using inverse transformation.



State Transformation (from (u, X) to (w, X))

B

Qj

s(t)
w(z,t) = u(z,t) — /w ¢(z — y)u(y, t)dy — ¢(z — s()) X (¢),

where ¢(z) = Bil(ca; —£).

Target (w, X )-System

wi(z, 1) =apwes(z,t) + —5(£) X (1),
By

w(s(t), t) =§lx<t>,
X(t) = — cX (1) — Brwz(s(t),1).
and, by ES design,
we(0,1) = —=u(0, 1),

Qj

which can be rewritten by (w, X)) on RHS using inverse transformation.

Prove g.e.s. of (w, X )-system by Lyapunov method — concludes Theorem



Numerical Simulation with Zinc
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- Moving interface position s(t)
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Future Direction

e Application to metal AM by incorporating the penetration of laser (Beer’s law)

82

P het) = " ) + e e,

e Observer to estimate temperature profiles and interface position (challenging)



