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Objective: Design heat control g.(¢) > 0 to achieve

T(a,t) = Ty as & oo

with measurement of s(t).
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liquid solid

=

PDE Ti(x,t) = aTpz(x,t), O0<ax<s(t) <L
Tr(0,t) = —qc(t)/k
T(s(t),t) = Tm

ODE (1) = —B8Tu(s(1),t)

State-dependent moving boundary — Nonlinear



Assumption : Initial interface position sg > 0O, and
initial temperature Ty(x) is Lipschitz (H := Lip. const.)

O0<Tolx) —Tm < H(sg —x)




Model valid iff

T(x,t) > Ty, for Vxe (0,s(t)), Vi>0

How to guarantee this?



Model valid iff

T(x,t) > Ty, for Vxe (0,s(t)), Vi>0

How to guarantee this?

Lemma If|q.(¢t) > 0|Vt > 0, then s(¢) > 0Vt > 0and

T(x,t) > T, V€ (0,s(t)),Vt >0



Observer Design



PDE
Ti(x,t) = ol (x,t)
T(s(t),t) =Ty,

!

ODE

Estimator

Measurement

s(t)




Theorem The observer design

5(t)

Ti(z,t) =T e (x,t)—P1(x,s(t)) (

—kT%(0,t) =qc(t),
T(s(t),t) =Tm,

_I_ TQZ(S(t)a t)) ’

with the observer gain

I <\/g (s(t)2 — :132>)
\/g (s(£)2 — 22)

where A > 0 is a free parameter, makes the closed-loop system globally expo-
nentially stable in the norm

Py (z,s(t)) = —As(1)

|7 — T3,
if s(¢) > 0.



Explanation of Design

Error Dynamics (i(x,t) ;= T(xz,t) — T'(x, 1))

ut(x,t) =atgy(x,t) — P1(x, s(t))uzs(s(t),t),
u(s(t),t) =0, ux(0,t) =0



Explanation of Design

Error Dynamics (@(x,t) := T(z,t) — T (x,t))

ut(x,t) =gy (x,t) — P1(x,s(t))uzs(s(t),t),
u(s(t),t) =0, wux(0,t) =0

Backstepping transformation
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iz, t) =i, ) = [ QUa, )iy, Oy,
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Explanation of Design

Error Dynamics (@(x,t) .= T(x,t) — T (x,t))

ut(x,t) =gy (x,t) — P1(x,s(t))us(s(t),t),
u(s(t),t) =0, wux(0,t) =0

Backstepping transformation

i i (1) i
i(w,t) =@z, 1)+ [ Pla,y)i(y, Ody,

(1)
(w,t) =i(e,t) — [ Qa,y)aly, Ddy,

T

Target system

We(x,t) =gz (x,t)—A0(x, 1),
w(s(t),t) =0, wz(0,t) =0

stable in £> norm, and stable in 1 norm if s(¢) > 0.



Explanation of Design

The explicit solution of the gain kernel
y 11 (VAP - a?)

o’ AP )

I1 () : modified Bessel function of 1st kind.

P(z,y) =

The observer gain must satisfy
P (z,s(t)) = — aP(=,s(t))

n Wg (s(£)2 — x2)>

= — Xs(t)

\/g (s(t}Q — :U2>



Output Feedback Control



Controller

PDE
Ti(z,t) = aTy,(x,t)
T(s(t),t) = T

{

ODE

Measurement

s(t)

Estimator




Theorem The designed observer and the associated output feedback control
law

o JO

1 s, 1
qc(t) = — ck (—/ (T(a:, t) — Tm> dx + 3 (s(t) — Sr)>
with a choice of

T + Hi(sg — ) <Tp(x) < Tim + Hu(sg — z),

Ao H, — H
N <X

s% H, '’
2
S& .
3,,a>50_|_&hru7
20

where H,, > H; > H, makes the closed-loop system globally exponentially stable
in

1T = TV15, + 1T — Tll3;, + (s(t) — s1)°.



Explanation of Design

Reference errors

a(x,t) ;=T (x,t) — Tm, X():=s(t)— s,



Explanation of Design

Reference errors

a(x,t) =T (x,t) — T, X(t):=s(t)— sy,

Backstepping transformation

c [s(t) c
@) = @) = < [* @ =t 0dy - @ = D)X

aJx



Explanation of Design

Reference errors

a(x,t) =T (x,t) — Tm, X(t):=s(t)— s,

Backstepping transformation

Bz, 1) = iz, t) — 5/3

aJx

(t)(az —y)u(y,t)dy — %(37 - s(£)X(1),

Target System

Wiz, t) =iz (z, t) + §s<t>x<t>+f<:c, s(0) W (s(t), 1),
w(s(t),t) =0, w4x(0,t) =0,
X(t) = — cX(t) — Bwz(s(t),t)— Loy (s(t),t)



Model validity

Lemma u(xz,t) <0 & ugz(s(t),t) >0
if To(x) & X satisfy the given inequalities.

Proof is by maximum principle
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Model validity

Lemma u(x,t) <0 & ug(s(t),t) >0
if To(x) & X satisfy the given inequalities.

Proof is by maximum principle

Proposition Controller maintains ¢.(t) > 0 and sg < s(t) < s,
If s satisfies the given inequality.

Proof:

. s(t) -
Ge(t) = — cqe(t) + (1 + /O P(z, s(t))dm) o (s(t), 1)

> — cqce(t)
o qe(t) ZQC(O)G_Ct >0



Lyapunov analysis

) ~ 2 ~112
V= ||@||3, + pXZ + d||@|)3,

V < bV + 5(t) (m1 X @)@l g, — moda(s(t),1)?)
< bV +as(®)V, --5(t) >0



Overall Lyapunov functional

v (T, 95, +p(s — sr)2 + d||a(T, )13,

eCLS eCLS

yields W < —bW, which leads to

V< ea(s(t)—so)v(o)e—bt < ea(sr—so)v(o)e—bt
N

80 < s(t) < sy



Numerical Simulation
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150r '— Temperature at initial interface s
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